Let D be a (v, k, λ) difference set over an abelian group G with even n = k − λ. Assume that t ∈ N satisfies the congruences t ≡ q f i i (mod exp(G)) for each prime divisor q i of n/2 and some integer f i . In [4] it was shown that t is a multiplier of D provided that n > λ, (n/2, λ) = 1 and (n/2, v) = 1. In this paper we show that the condition n > λ may be removed. As a corollary we obtain that in the case of n = 2 p a when p is a prime, p should be a multiplier of D. This answers an open question mentioned in [2].
Introduction
Let G be a finite abelian group with unit 1, where the group operation is written multiplicatively. We use exp(G) to denote an exponent of G and ZG for a group algebra of G over integers.
For an arbitrary X = g∈G x g g ∈ ZG and m ∈ Z, we set X (m) = g∈G x g g m . If (m, |G|) = 1, then the mapping X → X (m) is an automorphism of the group algebra ZG. An integer m is called a (numerical) multiplier of X if X (m) = Xg for a suitable g ∈ G.
If T is a subset of G, then we use the same letter for the element t∈T t ∈ ZG. In what follows we use a notation |X |, X ∈ ZG for a sum of all coefficients of X. The mapping X → |X| is a homomorphism of Z-algebras. It satisfies the equality X G = |X|G.
A subset T of G is called a (v, k, λ)-difference set if it satisfies the equality T T (−1) = n + λG (1) where n = k − λ, k = |T |, v = |G|.
In 1967 Mann and Zaremba proved the following (Theorem 4 in [4] ).
Theorem 1.1 Let G be an abelian group and D be a difference set over G with parameters
(v, k, λ). Assume that n = 2m, (m, |G|) = 1, (m, λ) = 1, n > λ and for some t ∈ N, t ≡ q f i i (mod exp(G)) for every prime divisor q i of m and some integer f i . Then t is a multiplier.
In this paper we prove As a consequence we obtain the following Corollary 1.1 Let D a (v, k, λ)-difference set and n = 2 p m for some odd prime p, ( p, |G|) = 1. Then p is a multiplier of D.
This claim answers an open question from [2] . In [5] the following situation was studied. Let D be an abelian difference set over a group G. Assume that n = k − λ = 3m where (m, |G|) = 1 and there exists an integer t satisfying t ≡ q f i i (mod exp(G)) for each prime divisor q i of m. In the case of (|G|, 3 · 13) = 1 Qiu Weisheng proved in [5] that t is a multiplier of D provided that one of six conditions of Theorem 5 of [5] holds. Here we strengthen his result and prove the following claim. Theorem 1.3 Let D be a (v, k, λ)-difference set over an abelian group G. Assume that n = k − λ = 3m with (m, |G|) = 1 and t be an integer satisfying the congruence t ≡ q f i i (mod exp(G)) for each prime divisor q i of n and a suitable exponent f i . If t is not a multiplier of D, then m is a square and exactly one of the following conditions is satisfied. (i) 11 |G| and for each prime divisor p of |G| ord p (t) is even if p = 11 and odd otherwise; t 2 is a multiplier of D; (ii) 13 |G| and for each prime divisor p of |G| ord p (t) is even if p = 13 and odd otherwise; t 4 is a multiplier of D.
Basic facts
In what follows G * will stand for a group of permutations acting on G which consists of all mappings g → g m , (m, |G|) = 1. It is a well-known fact that G * ∼ = Z * exp(G) and two numbers m 1 , m 2 ∈ G * induce the same permutation if and only if m 1 ≡ m 2 (mod exp(G)).
For two natural numbers n, λ we denote D(n, λ) = {X ∈ ZG | X X (−1) = n + λG}. Clearly, X ∈ D(n, λ) implies |X | 2 = n + λ|G|.
If X = g∈G x g g ∈ ZG and Y = g∈G y g g ∈ ZG, then we write X ≡ Y (mod m), m ∈ Z if x g ≡ y g (mod m) holds for all g ∈ G.
First we list a few elementary properties of elements from D(n, λ). We omit proofs, since they are straightforward.
Proof:
The equation X X (−1) = n 2 implies g∈G x 2 g = n 2 and g∈G x g = n. If X is non-trivial, then there are at least two g = h ∈ G with non-zero x g and x h . Since all x f are non-negative, gh −1 = 1 appears in the product X X (−1) with positive coefficient, a contradiction. P Proposition 2.4 Let X = g∈G x g g ∈ D(n 2 , 0). If X ≡ 0(mod n), then X = ±ng, g ∈ G (i.e., X is trivial).
By assumption X = nY, Y ∈ ZG, implying Y Y (−1) = 1. Let y g , g ∈ G be the coefficients of Y. Then g∈G y 2 g = 1. Now the claim is evident. P Next claim plays the central role in this chapter. In fact, it is the straight consequence of Lemma 7.5 from [3] . Nevertheless, we prefer to give here an independent original proof. Lemma 2.5 Let X ∈ D(n, λ) for some n, λ ∈ Z. Let p | n be a prime divisor relatively prime to |G|. Then for any j ∈ Z, X ( p j ) X (−1) − λG ≡ 0(mod p a ), where p a n.
Proof: It is sufficient to prove the claim only for non-negative j.
Define b to be the maximal natural number satisfying the property
It is clear that our claim is equivalent to the inequality b ≥ a. 1 By the definition of b there exists j ∈ Z + such that
In other words,
By the definition of b,
, Y is nilpotent in the group algebra F p G. But this algebra is semisimple, therefore Y ≡ 0(mod p), a contradiction. P
As a corollary we obtain the following statement whose parts (i) and (ii) are equivalent to Lemma 2 of [5] . Lemma 2.6 Let X ∈ D(n, λ) and let m | n be a divisor of n relatively prime to |G|. Assume also that there exists an integer t satisfying the following condition:
For every prime p dividing m there exists an integer j such that p j ≡ t (mod exp(G)).
Then there exists Y t ∈ ZG such that
To get (iii) it is sufficient to multiply both sides of the identity X (t) X (−1) − λG = mY t by X and to collect the terms. P
Using this lemma and Proposition 2.3 one can easily prove the well-known Second Multiplier Theorem.
Second Multiplier Theorem Keep the assumptions of the previous claim. If, in addition, m > λ, then t is a multiplier of X .
Proof: Consider the equality X (t) X (−1) − λG = mY t , Y t ∈ ZG, which holds due to (i) of Lemma 2.6. We claim that m > λ implies that all coefficients of Y t are non-negative. Indeed, if it is not the case, then the minimal coefficient in the right side of the equality is less or equal to −m. On the other hand the minimal coefficient in the left part is greater or equal to −λ > −m. Contradiction.
Since coefficients of Y t are non-negative, part (ii) of Lemma 2.6 together with Proposi-
Then n is a square.
Proof: This is a direct consequence of Theorem 7.2 from [3] . P
Multipliers
Lemma 3.1 Let X ∈ ZG be an element satisfying the equation X k = n k h for some k ∈ N, h ∈ G. Then (n, |G|) = 1 implies X = ±ng for some g ∈ G.
Proof: Denote by d the greatest common divisor of the coefficients of X . We can write that X = dY, Y ∈ ZG. It is clear that the greatest common divisor of the coefficients of Y is equal to one and Y k = m k h, m = n/d. Our proof will be finished if we show that
Hence p divides the greatest common divisor of the coefficients of Y , a contradiction. Hence m = ±1 and Y k = ±h. This implies that Y ∈ ZG is a unit of ZG. Hence, (see Corollary 37.
Let l be a natural number such that t l is a multiplier of X, i.e., X (t l ) = Xg, g ∈ G. One can write the sequence of equalities:
In what follows, by M H (X ) where X ∈ ZG and H ≤ G * we denote a subgroup of H consisting of all multipliers of X , i.e.,
To prove the inverse inclusion we multiply both sides of the equality Y t = X (t) X (−1) − λG by X . After simple transformations we obtain
(2)
The group M t (Y t ) is cyclic, hence it has a generator, say t l for some l (i.e., Y (t l ) t = gY t ). To finish the proof we have to show that t l is a multiplier of X . Applying t to (2) l − 1 times we obtain
By multiplication of all these equalities we obtain
Since (n, |G|) = 1, n + λ|G| = 0 which implies that X is invertible in QG. Hence one can cancel the common factors in the both sides of the latter equality. This gives
We claim that t (and, therefore, t l ) is a multiplier of the element Y t . . .
Since |Y t · . . . · Y (t l−1 ) t | = |Y t | l = n l is relatively prime to |G|, the equality (3) shows that X and t l satisfy the condition of Corollary 3.2. Hence t l is a multiplier of X . P
To formulate next results we need an additional notation. For any element X = g∈G x g g ∈ ZG by [X ], we denote a subgroup generated by a set {gh −1 | x g = 0 and x h = 0}.
|). One can easily find that f (Y t ) = |Y t |ḡ, for a suitablē g ∈Ḡ. Applying f to both sides of the identity |Y t |X (t) = Y t X we obtain f (X ) (t) =ḡ f (X), i.e., t is a multiplier of f (X ).
To prove the claim let us assume the contrary, i.e., t 2m ≡ 1(mod exp(Ḡ)) and t m ≡ 1(mod exp(G)). Denote t m by s. SinceḠ is of odd order and s 2 ≡ 1(mod exp(Ḡ)), the groupḠ is a direct productḠ =Ḡ 1 ×Ḡ −1 whereḠ a = {ḡ ∈Ḡ |ḡ s =ḡ a }, a = ± 1. Since s ≡ 1(mod exp(Ḡ)),Ḡ −1 is nontrivial.
Let h :Ḡ →Ḡ −1 be a natural projection. Denote Z = h( f (X )). It is clear that Z satisfies the equation Z Z (−1) = n + µḠ −1 , µ ∈ Z. Since t is a multiplier of f (X ),
In other words −1 is a multplier of Z . Due to Lemma 2.7 n should be a square, a contradiction. P
Corollary 3.4 Keep the notations and the assumptions of the previous statement. Suppose, in addition, that [Y t ] is a subgroup of a prime order, say p. If t is of even order modulo p, then p |G|.
Proof: This is rather simple, so we omit. P
Proof of Theorem 1.3
In this section X always denotes a (v, k, λ)-difference set over an abelian group G. As we mentioned before, X ∈ D(n, λ) where n = k − λ. In what follows we assume that there exists a divisor m of n such that (i) (m, |G|) = 1;
(ii) There exists a number t such that for every prime p | m, t ≡ p j (mod exp(G)) for some j.
Due to Lemma 2.6 the conditions above imply
In this section we consider the case n/m ∈ {2, 3}. It should be mentioned that all results concerning here with the case n/m = 2 are known due to [4] . The results about the case n/m = 3 strengthen ones obtained in [5] . We devote the next section to the detailed investigation of the case n/m = 2. Lemma 4.1 Let X be a difference set. Assume that n/m is a prime, say q. Then (n, |G|) = 1. If, in addition, t is not a multiplier, then (m, q) = 1.
Proof: Due to the assumption n = qm and (m, |G|) = 1. Hence, if (n, |G|) = 1, then (n, |G|) = q. Since X is a difference set, |X | = n + λ and (n + λ) 2 = n + λ|G|. Both n and |G| are divisible by q. Therefore q | λ, which in turn, implies q | m. As q | m contradicts the assumption (m, |G|) = 1, we must have (n, |G|) = 1.
If q | m, then Lemma 2.6 implies that X (t) X (−1) −λG ≡ 0(mod n). From Propositions 2.1, 2.2 and 2.4 it follows that t is a multiplier of X , a contradiction. P Thus we have (|G|, 2) = 1 in the case n/m = 2, and (|G|, 3) = 1 if n/m = 3. Moreover, Lemma 4.1 implies that n is not a square if t is not a multiplier. Therefore the order of G is odd for both values of n/m.
In what follows we assume that t is not a multiplier. Under this assumption the element Y t defined above is a non-trivial solution of (4). All these solutions were found in [5] . They are:
First we show that g may be assumed to be equal to 1 in all three cases (i)-(iii). We shall prove it only for the case (iii), since all other cases can be considered analogously. Proof: By definition mg(−1 + y + y 2 + y 4 ) = mY t = X (t) X (−1) − λG. Therefore it is sufficient to show that g = h t−1 for a suitable h ∈ G.
Proposition 4.2 There exists a translation h X, h ∈ G of X such that
Rewrite the identity 2X (t) = Y t X as 2X (t) + g X = (gy)X + (gy 2 )X + (gy 4 )X and consider this equality as one of multisets. Then products of all elements in both sides should be equal. Therefore, setting f = x∈X x, we can write
After simple transformations we obtain
Since G is of odd order, g |X | = f t−1 . Raising both sides to a power of |X | yields f |X | t−1 = g |X | 2 = g n+λ|G| = g n .
But (n, |G|) = 1, hence g is (t − 1)th power, as claimed. P
Proposition 4.3 Assume that t is not a multiplier. Then t restricted on [Y t ] is of even order.
Proof: The group [Y t ] is of prime order in all three cases (i)-(iii). Denote it by C p , where p = |[Y t ]|. One can easily check that every element of odd order from Z * p is a multiplier of Y t in all three cases (i)-(iii). Hence, if the order of the restriction of t on C p is odd then t is a multiplier of Y t . By Theorem 3.1, t should be a multiplier of X , a contradiction. P Corollary 4.4 m is a square.
Proof: As above denote [Y t ] by C p , where p is a prime. Let q be a prime divisor of m. By the assumption, t ≡ q j (mod exp(G)) for some j. Since t restricted on C p is of even order, there exists i such that t i ≡ −1(mod p). Thus q ji ≡ −1(mod p). Now Theorem 7.2 of [3] says that the exponent of q in the decomposition of m into the product of prime powers should be even. P
Next result will immediately imply Theorem 1.3. We remind that ord p (t) (see [2] ) means the order of t modulo a prime p. A trivial observation shows that ord p (t) of a non-square t is always even. The vice versa is not true in general, but if p ≡ 3(mod 4), then t has an even order if and only if it is a non-square. Theorem 4.1 As above we assume that t is not a multiplier and n/m ∈ {2, 3}. Then (i) If n/m = 2, then m is a square, 7 |G|, ord p (t) is even for p = 7 and odd for all other prime divisors of |G|, t 2 is a multiplier of X . (ii) If n/m = 3, then m is a square and exactly one of two cases holds -11 |G|, ord p (t) is even for p = 11 and odd for all other prime divisors of |G|, t 2 is a multiplier of X ; -13 |G|, ord p (t) is even for p = 13 and odd for all other prime divisors of |G|, t 4 is a multiplier of X .
Proof:
(i) The case of n/m = 2. In this case Y t = g(−1 + y + y 2 + y 4 ), g, y ∈ G, y 7 = 1, and [Y t ] = C 7 . By Proposition 4.3 ord 7 (t) is even. Hence, by Corollary 3.4, 7 |G|. Corollary 4.4 says that m is a square. If p = 7 is a prime divisor of |G|, then it follows from Lemma 3.3 that ord p (t) is odd. Finally, it is easy to check that any square is a multiplier of Y t . Therefore Y (t 2 ) t = Y t , whence, by Theorem 3.1, t 2 is a multiplier of X . (ii) The case of n/m = 3. There are two opportunities for Y t only: To prove the claim for n/m = 3 one should repeat all the arguments we used above in the case n/m = 2. P
Proof of Theorem 1.2
Here we consider the case n/m = 2 in more detail. It should be mentioned that the case n/m = 3 may be treated in the same way. We know that if n/m = 2 and t is not a multiplier, then |G| = 7h, (h, 7) = 1. Hence G = H × C 7 where C 7 is the unique subgroup of order 7. Further, by Theorem 4.1, m = q 2 for a suitable q ∈ N.
Due to Lemma 3.3 the restriction of t on H is of odd order, say 2l + 1. On the other hand ord 7 (t) is even, hence t 3 ≡ −1(mod 7). By Proposition 4.2 we may assume that X (t) X (−1) − λG = m(−1 + y + y 2 + y 4 ), y = C 7 . Multiplication of the both sides of this equality by X gives us 2X (t) = (−1 + y + y 2 + y 4 )X. Applying t to the both sides implies
Finally, we obtained X (t 2 ) = X . Let s = t 3(2l+1) . Then s ≡ −1(mod 7) and s ≡ 1(mod exp(H )). Moreover,
The set X can be written in the form
Then 2X (t) = 2X (s) = h∈H 2h A 
One can easily verify that (6) is a linear equation for z. At first we consider all solutions of (6) admitting 2 as a multiplier. In this case z is a linear combination z = z 0 1+ z 1 (y + y 2 + y 4 )+ z 2 C 7 . Substitution of this expression into (6) gives us 2z 0 +2(z 1 (y + y 2 + y 4 )+ z 2 C 7 ) (−1) = −z 0 + z 0 (y + y 2 + y 4 ) + 2(z 1 (y + y 2 + y 4 ) + z 2 C 7 ) (−1) . From here it follows that z 0 = 0 and z = z 1 (y + y 2 + y 4 ) + z 2 C 7 . In other words z is linear combination of y + y 2 + y 4 and 1 + y 6 + y 5 + y 3 . Now consider the general case, i.e., B ⊂ C 7 is a solution of (6). We assume B to be nonempty. The completion C 7 − B of B is a solution of (6) as well. So we can assume the |B| ≤ 3. Take an element B + B (2) + B (4) . It also satisfies (6) and has 2 as a multiplier. By previous paragraph B + B (2) + B (4) = z 1 (y + y 2 + y 4 ) + z 2 (1 + y 6 + y 5 + y 3 ) for some non-negative integers z 1 , z 2 . The numbers z 1 , z 2 satisfy the equation 3|B| = 3z 1 + 4z 2 . Since |B| ≤ 3 and z 1 , z 2 are non-negative integers, z 1 = |B|, z 2 = 0 is the only solution of this equation. This immediately implies the inclusion B ⊂ y + y 2 + y 4 . If B = y + y 2 + y 4 , then there is nothing to prove. Assume B = y + y 2 + y 4 . Since both B and y + y 2 + y 4 are solutions, the set y + y 2 + y 4 − B has the same property. Thus we can assume that |B| = 1, i.e., B = y i for some i = 1, 2, 4. The direct substitution of y i instead of B into (6) gives us
But the non-zero coefficients in the right side of the latter equation are ones only. Therefore y i cannot be a solution of (6) for any i. P
The lemma we have proved above gives only four values for A h . Let
Then H = H 0 ∪ H 1 ∪ H 2 ∪ H 3 is a partition of H and X = H 1 (y + y 2 + y 4 ) + H 2 (1 + y 6 + y 5 + y 3 ) + H 3 C 7 . Denote |H i | = h i . Clearly 2q 2 + λ = 3h 1 + 4h 2 + 7h 3 (we remind that m = 2q 2 ). Let χ be an irreducible character of H and ρ be a non-principal one of C 7 . Then ρ ⊗ χ is a irreducible character of G = C 7 × H . Since G is abelian, ρ ⊗ χ is also a one-dimensional representation of ZG. Hence a value z = (ρ ⊗ χ)(X) is equal to χ(H 1 )ρ(y + y 2 + y 4 ) + χ(H 2 )ρ(1 + y 6 + y 5 + y 3 ) + χ(H 3 )ρ(C 7 ). Since ρ(C 7 ) = 0, then ρ(1 + y 6 + y 5 + y 3 ) = −ρ(y + y 2 + y 4 ) and z = ρ(y + y 2 + y 4 )(χ (H 1 ) − χ(H 2 )).
Since X satisfies the equation X X This system has the following solutions:
The last expression gives us the inequality λ ≥ (3q 2 − q)/2. Applying this inequality to the complement difference set G \ X we obtain:
Thus we have the following scope for λ:
Proof of Theorem 1.2: Assume the contrary, i.e., t is not a multiplier. Then λ satisfies (7). Since (q 2 , λ) = 1 and λ | 2q 2 (2q 2 − 1), the number l = (4q 2 − 2)/λ is an integer. From the inequality (7) it follows that 3 > 2 4q 2 − 2 3q 2 − q ≥ l ≥ 3q − 1 2q > 1 and we have the only solution l = 2, i.e., λ = 2q 2 − 1. But in this case n > λ, and by Theorem 4 of [4] t is a multiplier of X , a contradiction. P As a consequence we are able to give a proof of Corollary 1.1.
Proof of Corollary 1.1: Suppose the contrary, i.e., p is not a multiplier of D. Then, by Theorem 1.2, λ should be divisible by p. Applying of the same claim to the complement difference set yields p | n(n − 1)/λ. But this is impossible, because the order |G| = λ + n(n − 1)/λ + 4 p 2b of the group G is divisible by p in this case 2 . P
